We study the vacuum structure in free QED utilizing the technic of the second quantization. There is argument of the gauge independence of physical states in the paper. We give an effect characterizing the second quantization. How to produce general physical states is also shown.
Introduction
As a part of the second quantization in field theory, it is natural to consider the solution of wave functional of energy eigenstates, particularly, the solution of vacuum in QED (In this paper we only consider free QED, that is, we ignore matter fields in this paper). But, it is very curious that, as stated by references [1] , there is (almost) no working on it, except references [1, 2] , which studies it by an analogy between quantum electrodynamics and quantum mechanical harmonic oscillator, and reference [3] , which is mainly working on the heavy quark systems.
The work in references [1, 2] is excellent. However, to study the properties of QED systematically one needs procedure to solve the functional solution of free QED explicitly. From the study of the procedure, we find that there are many similarities and differences between free QED and harmonic oscillator. Among those differences, the most significant is the gauge invariance of the theory. On one hand it complicates our study, while on the other hand, the gauge invariance of the theory also leads to many interesting results.
In section 2 we list the results of quantization of the free QED. We show that under a reasonable assumption, all the physical states are gauge independent in section 3. Then we turn to section 4 to study the vacuum state in detail. Section 5 is a simple consideration of general states and section 6 is our summary.
Quantization of the free QED
This section only shows main results of the quantization of free QED. We first discretize the position space. Suppose we are working in a box with size L 3 , which is divided by N 3 = L 3 ∆x 3 grids, where ∆x is the size of grids. We perform temporal gauge condition, that is, A 0 ≡ 0. Then, the commutations of gauge fields A i (x) and adjoint fields Π i (x) are
which means that, Π i (x) can be written as Π i (x) = −i ∂ ∆x 3 ∂A i (x) . To study the solution of functional with more explicit physical form, we then define the Fourier transformation of gauge fields and their conjugate fields as
Here we have added up extra minus signs in the Fourier transformations of conjugate fields. In this paper we do not distinguish the integrate form, dx 3 , in continuous case and the summation form, ∆x 3 , in discrete case.
We have the commutation relations of operators in Fourier space:
We also introduce the magnetic fields
In discrete form p j should be written as 1 ∆x sin p j ∆x). Thus, for instance,
where we have taken the notation dp 3
.
Under the temporal gauge condition, the Hamiltonian of the free QED is
In Fourier space we obtain,
It seems that although the part of the potential energy in the Hamiltonian is gauge invariant, the part of the kinetic energy in the Hamiltonian is not. This uncomfortableness is due to the naive quantization in (7). To solve such problem reference [4] introduced a notation of constraint of the second class and defined a gauge condition, for instance, the Coulomb gauge, p · A = 0. Then, utilizing the gauge condition and modifying commutation relation in equation (3) , this treatment regards that at each p, there are only two independent canonical variables (operators), and correspondingly, only two independent conjugate variables (operators). We do the analysis in another way, which is shown the next section.
Gauge dependence of state functionals
We show here the properties of state functionals under gauge transformation. Hamiltonian in equation (7) 
Therefore, equation
with the total energy E = p dp 3 (2π) 3 E p L 3 . As for a definite p, the theory is rotation invariance if p ≪ ∆x −1 , and E p only dependents on the direction of p. One can, therefore, rotate vector p into p 0 = (0, 0, p). Above equation then turns into
This equation, just like equation of eigenstate, also possesses separated solutions
where
Here we have separated Θ p 0 into two parts. One of the them, X and Y , is perpendicular to gauge transformation, and the other, Z, is parallel to gauge transformation. The equations for the perpendicular part is very similar to state equation of particle in harmonic oscillator while equation for the parallel part is similar to the state equation of free particle.
As a physical state, X should satisfy the constraint that X → 0 when |A 1 | → ∞. There should also exist the similar constraints for Y and Z. For X and Y , there is no problem. The constraints and the equations for X and Y are very similar to harmonic oscillator system. But for Z, there is no solution satisfying the constraint and equation. Up to a constant, the general solution can be written as
where, for simplicity, A 3 and A * 3 stand for A 3 (p 0 ) and A * 3 (p 0 ) respectively. But this solution is not convergence when
To see this, one considers, for example, the case of
States with E Z < 0 can also be ruled out by the divergence of functional at |A 3 | → ∞.
The choice of |a| = √ 2E Z L −3 (E Z ≥ 0) gives a finite but not non-vanishing Z when |A 3 | → ∞. Since each eigen-functional, including for E Z = 0, has such problem, we should loosen our constraint for Z. The modified constraint for Z is that Z is finite when |A 3 | → ∞.
At this case we obtain Z = e aA 3 −a * A * 3 where |a| = √ 2E Z L −3 . Here A 3 or p · A is free completely, correspondingly, Π 3 or p · Π is determined absolutely, which can also be seen from the conservation of p · Π, [p · Π, H] ≡ 0. This can be considered as a special case of Heisenberg Uncertainty Principle.
In Lagrange form, action I =
This system has a gauge symmetry,
In local gauge symmetry, f is an arbitrary scalar function of p, which corresponds the translation (in the direction p ) in gauge space. But furthermore, f can also be a scalar function of gauge fields, for instance, f = p i A i ǫ, where ǫ is independent of A i . 1 This shows that the system also possesses a symmetry of expansibility ( in the direction p) in gauge space. The invariance of the system under translation and expansion in the direction p in gauge space shows p · A has no physics meaning.
But this expansibility is broken after the quantization adopted here. To see it we perform a transformation in gauge space, A → A + ph, where we choose scalar function h = p · A/p 2 . At p = p 0 we get
1 This corresponds to a transformation Ai(x) → Ai(x) + dy
. The transformation is not local in position space, but in Fourier space, it is. We think it is a generalization of local gauge transformation.
Then in equation (
The new functional has a changed energy, E ′Z = |1 + ǫ| 2 E Z , that is, the state has a energy of gauge dependence as long as E Z = 0. This is not a strange conclusion. As we know, Z is a functional with a (complex) period, which is in proportion to (E Z ) −1 up to a phase factor. Since the above transformation changes the period of the functional, it can also change E Z .
Here we meet an unusual occasion. On one hand, E Z is a conservational quantity, while on the other hand, it can be changed by an unphysical expansion in gauge space. To treat this puzzle, reference [4] makes a gauge fixing, such as A 3 = 0, and no Π 3 existing correspondingly, for it is thought that neither A 3 nor Π 3 has physical meaning, or, in other words, they are both redundant variables at the case of p = p 0 . This treatment takes gauge dependent functionals and one should also modify the commutation relation (3). This puzzle is treated in another way here. We do not take the gauge fixing and therefore do not change the commutation relation, on the contrary, we require that all the physical states have a constraint: the physical states do not change their energies under the translations and expansions in gauge space, since these transformations are both unphysical. This requirement will lead to E Z = 0 and therefore Z ≡ 1. The states with E Z = 0 and Z ≡ 1 is gauge independent after the quantization. Therefore, all the physical states are gauge independent in free QED. For generic p, this statement can be written as
This is just the Abelian case of the constraint on the physical states, which also appears in QCD. This is not a trivial conclusion. As we see, in rotation invariant system, state wave functions with J > 0 do not belong to the trivial representation of SO(3) group, that is, wave functions are not rotation invariant. On the contrary, in QCD, all the states are gauge independent, but we do not understand it very well nowadays. We hope our discussions be helpful to understand color confinement.
Unlike the treatment in reference [4] , this treatment keeps the commutation relations in equation (3) unchanged and does not introduce gauge condition. By a constraint on physical states, we show that all the states are gauge independent. We think these are advantages of our treatment. However, one needs to argue that the physical freedom is not 3 but 2 in this treatment.
Properties of Vacuum
In this section we show the wave functional solution of vacuum, which is the eigen-functional of Hamiltonian with the lowest energy.
At first, one may think it is preferable to write the vacuum state in the form of B i functional. But one should meet a singularity if he does so. To see it we write the vacuum state as, from equation (9),
due to the translation invariance. Suppose HΘ 0 = EΘ 0 , we then obtain 1 2 dp
is a positive matrix. To obtain the above equation we have used the constraint of A i (p), A * i (p) = A i (−p). At the moment we ignore the ground state energy term, (15) is the eigen-functional equation with eigenvalue E, it is natural to require the first term of l.h.s in equation (15) be independent with any canonical field configuration.
. There is no solution to this equation, for the determinant of l.h.s. equal to (1/p 2 ) 3 while the determinant of r.h.s. equal to zero, unless the determinant of matrix S 0 equals to infinity. To see it more clearly, we write S 0 = 1 p (1 −P /p 2 ) −1/2 naively. Suppose p = (0, 0, p 3 ), or 1 −P /p 2 = diag(1, 1, 0), we then obtain a singular S 0 33 . This reveals an obvious fact, that there is no longitudinal magnetic fields in free QED.
Therefore, a more convenient proposal is to write the vacuum state as functional with respect to A i ,
Repeating the deductions, we obtain,
It is easy to check that
, where h is an arbitrary scalar function. As expected, Θ 0 is gauge independent.
Iterate B i (p) = −iǫ ijk p j A k (p) into equation (18), we can rewrite the wave functional as,
with a constraint p i B i = p i B * i = 0. This result is agreement with the references [1, 2] , except a necessary constraint. Although the vacuum can also be written as the above equation, we seldom use it in practice. Just as we shall see in the following, this is because the integral invariable is not the magnetic fields, but the canonical fields A(x), when one studies the properties of vacuum, for instance, condensates or correlators.
Therefore, due to the gauge invariance, there is only two independent degrees for each p. This is obvious from the density of the ground state energy,
where d = 3 − 1 = 2 is the freedom degree of the gauge fields. This density is ultraviolet quartic divergent. In discrete form it is π ∆x −π ∆x dp 3 (2π) 3
where I is a constant π −π dp 3 (2π) 3 sin 2 p x + sin 2 p y + sin 2 p z ≈ 1.2. The ultraviolet cutoff in the Fourier space is just the inverse size of grids ∆x −1 .
The most possible values of measured canonical fields and their conjugate fields (sometimes we call them electric fields) are vanishing at each p. But, due to the quantum effect, there is nonvanishing possibility to obtain arbitrary values of canonical fields in vacuum. In fact, any definite configuration, such as A i (x) ≡ 0, is never the eigenstate of Hamiltonian. This fact reveals Heisenberg Uncertainty Principle: In any measurement of configuration of the canonical fields of a state there is an uncertainty in the configuration of the corresponding conjugate fields transferred to the state by the interaction with the measuring apparatus such that the "product" of the uncertainties in the configuration of canonical fields and in the configuration of corresponding conjugate fields has a lower bound.
A photon state in box with momentum p 0 = (0, 0, p 0 ) and linear polarization in x direction has a definite amplitude, that is, up to a suitable phase,
when i = 1 and p = ±p 0 , 0, otherwise.
The nonvanishing A 1 (−p 0 ) is attributed to the fact that A(−x) has to be real and at a single time one can not distinguish the two travelling waves with reverse direction (up to a phase). Then the ratio between the possibility of measuring a such photon in the box and the possibility of measuring A i ≡ 0 everywhere is e −1 . This means that, in the vacuum, there winks photons with different momentum. These winking photons are regarded as virtual photons. Thus, if we measure gauge field in the vacuum for very much times, we shall obtain a fluctuation picture. This winks reflects the fact that photon state is not the eigenstate of the Hamiltonian, which can also be understood by the Uncertainty Principle. Suppose we put an electron in vacuum, this fluctuation will take interaction with the electron. In other words, virtual photons will collide with electron in the vacuum. Furthermore, if we put electric dipole in vacuum, this collision may change the direction of the electric dipole. Therefore, if we observe the electric dipole in a box (vacuum), we shall find that the direction of the electric dipole change its direction "spontaneously". This is an interesting effect in our theory and it reveals the differences between the second quantization theory and the common quantization theory. Surely this effect is suppressed by volume of the box (vacuum). It is interesting that whether this interaction can take measurable effects.
This Uncertainty Principle also leads to the condensates of the gauge fields. Without loss of generality we study p 0 = (0, 0, p 3 ) for simplicity. We have now < A * 3 (p 0 )A 3 (p 0 ) >= ∞ for the fact that the vacuum is gauge independent. But, the condensates
where p 0 = |p 3 |.
One can furthermore obtain the gauge independent condensates,
and of course the condensate of operator
The gauge invariance of the vacuum implies Π 3 (p 0 ) = 0 in the vacuum, but A 3 (p 0 ) is free completely.
The final results in equations (25), (26) are independent with the direction of p 0 , which is apparently a general conclusion. One can therefore generalize equations (25), (26) to general p in a straight way. We then get an expected result, E 0 = 1 2 dp 3
It is also interesting to study correlators of the gauge fields at different position. The results are,
and
respectively. We have studied structures vacuum. It is shown that the vacuum proposes many properties similar to that of the ground state in the harmonic oscillator, but there are also some different properties, due to the gauge invariance of QED vacuum. From the study, we find that because of the quantum effect, particularly, Heisenberg Uncertainty Principle, the vacuum is not "empty". Instead, the vacuum has a complex structure, for instance, the nonvanishing condensates and correlators.
On General States
In this section we will study the solutions of general states simply. To study them it is only needed to study solutions to equation (9). All the solutions are gauge independent and we take abbreviations
where factor 2 has been discarded for the constraint of A i (p). Suppose Θ p 0 is as the form,
where f is a functional to be determined, and
where we have ignored the ground state energy. One can use equation (31) to study states of photons. For instance, up to a constant, we obtain a quantum state
where c k = e iθ k and Θ 0 = pairs of p Θ 0p is the vacuum. Notice here p k Θ k ≡ 0.
This solution seems a little strange, but it is easy to check from equation (31) that the corresponding state has energy p. To find the physical meaning, we study the behavior of its limit to the first quantum level, that is, we search a pair of A ⊥ k and A ⊥ * k to make |Θ k | approach its maximum. We consider a simpler case here, that is p 0 = (0, 0, p 3 ). Then Θ 3 ≡ 0,
For Θ 1 , the expected canonical field functions are
for all the other momentums,
for all the momentums.
Comparing to Eq. (23), we find that this solution is just the one of the plane wave of the gauge field in classical electromagnetic dynamics, which is of the linear polarization. The direction of the linear polarization is perpendicular to the momentum p 0 . There are similar analysis and results applied for Θ 2 . As expected, the first quantization limitations of the quantum electromagnetic dynamics are quite agreement to the standard quantum electromagnetic dynamics. One can use the technic of superposition of state to construct the states of photon corresponding to other direction of linear polarization or corresponding to circular polarization.
The study of state of single photon can be generalized to other states, for instance, states of multi-photon. This is an interesting occasion for some physical quantities, particularly, the amplitude of photon states. At classical level we say the amplitude is continuous, but after the first quantization, this amplitude is discrete, the exhibition of the continuous amplitude is just the classical limit of the discrete amplitude. Whereas, in the second quantization, we meet a reversal situation. The amplitude is in fact continuous and the discrete amplitude is just the first-quantization limitation.
Summary
We argue that physical states, including vacuum, are gauge independent under a reasonable assumption. This assumption is related to the symmetry of expansibility ( in the direction p ) in gauge space possessed by the system. This symmetry can be considered as a generalization of the local gauge symmetry. We hope this argument be generalized into QCD to face the problem called as quark confinement.
In non-Abelian case, especially SU (3) theory or QCD, we face a very tanglesome situation. In QED, interactions in Hamiltonian is local in Fourier space (up to a ±p). However, this pretty property is broken in non-Abelian theory, even in quenched theory. This is because there occur cubic and quartic interactions in QCD. On other hand, a infinitesimal local gauge transformation (in position space) also connects different momentum and color direction of gluon freedom (A finite local gauge transformation even connects states with different numbers of gluons). Consider a gluon with single momentum (up to a ±p) and/or single color direction. If this gluon state was an eigenstate of Hamiltonian in QCD, a local gauge transformation would connect this gluon with other gluon freedom with different momentum and/or directions (This is a significant difference between Abelian theory and non-Abelian theory). In other words, gluon freedoms with different momentums have the same energy, since a local gauge transformation can connect all the momentums of gluons and local gauge transformation does not change state energy. This is an unusual result. We conclude that such properties possessed by interactions or by gauge transformations implies strongly that a gluon with single momentum (up to a ±p) and/or single color direction is never eigen-state of Hamiltonian in QCD. Do we find a clue to overcome the color-confinement puzzle?
We also studied properties of states in free QED, especially, the properties of the vacuum. The study shows that the vacuum is not "empty", instead, it has a complex structure, for instance, there wink photons with different momentum in the vacuum. On one hand, when one measures a photon or photons at one time, there is nonvanishing possibility that the photons shrink into vacuum in the successive time. On the other hand, photons can also be generated in vacuum. This phenomenon will lead to an interesting effect, which has been shown in the note.
The study here is an elementary step in the consideration of the second quantization. But this consideration is necessary, even one only pays attentions on the maturity of the theory. We hope the similar studies should be helpful to understand the properties of the quantum field theory.
